In this paper, we investigate the welfare implications of alternative financial market structures in a two-country endowment economy model. In particular, we obtain an analytic expression for the expected lifetime utility of the representative household when sovereign bonds are the only internationally traded asset, and we compare this welfare level with that obtained under complete asset markets. The welfare cost of incomplete markets is negligible if agents are very patient and shocks are not very persistent, but this cost is dramatically larger if agents are relatively impatient and shocks are highly persistent. For realistic cases in which agents are very patient and shocks are highly persistent (that is, the discount factor and the first-order autocorrelation are both near unity), the welfare cost of incomplete markets is highly sensitive to the specific values of these parameters. Finally, using a non-linear solution algorithm, we confirm that a two-country production economy with endogenous labor supply has qualitatively similar welfare properties.
Introduction
In recent years, numerical methods have been used to analyze a wide variety of open-economy dynamic general equilibrium models with incomplete asset markets. 1 In particular, Baxter and Crucini (1995) showed that the degree of persistence and spillovers of the exogenous shocks plays a critical role in determining the extent to which the behavior of the incomplete-markets economy diverges from that of the economy with complete asset markets. However, there has been a relative scarcity of analytical results to elucidate these results and to clarify the implications of the key structural parameters. 4 In this paper, we use analytical methods to determine the welfare implications of a two-country endowment economy, in which each country has an infinitely-lived representative agent, and for which sovereign bonds are the only internationallytraded asset. For simplicity, we also assume that the two countries are completely symmetric, with no outstanding debt at the beginning of the initial period, and that each country is subject to a single endowment shock that decays at an exponential rate. Under these assumptions, we can obtain the exact non-linear rational expectations solution for the dynamic behavior of the economy; that is, the entire path of each country's consumption can be expressed in terms of the exogenous endowment process.
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Then we proceed to derive an analytic expression 1 For example, two-country models with incomplete markets have been analyzed by Baxter and Crucini (1995) , Kollmann (1996 Kollmann ( , 1998 , and Mendoza and Tesar (1998) , while small open economy models have been considered by Mendoza (1995) and Mendoza and Uribe (1999) . Analysis of two-country models has also proceeded under the assumption of complete international asset markets; cf. Backus et al. (1992) , Baxter and Crucini (1993) . Further discussion may be found in Baxter (1997) . 2 Glick and Rogoff (1995) and Obstfeld and Rogoff (1996) have analyzed the implications of the degree of persistence of the exogenous shocks. These issues have also been studied extensively in a partial-equilibrium context, e.g., the large literature on the permanent-income hypothesis, starting with Friedman (1957) . 3 Numerical results on welfare gains of incomplete markets have been obtained by Mendoza (1995) , Tesar (1995) , Kim (1997) , and Kubler and Schmedders (2000) . A relatively large literature has considered the welfare gains of complete asset markets over autarky using both analytical and numerical methods; cf. the summary and analysis in van Wincoop (1999) . Lewis (2000) provides a broad survey of the literature on welfare gains from international risk-sharing. 4 Cole (1988) obtained an exact analytic solution for the behavior of a two-period incomplete market model. Several other recent papers will be discussed below. 5 We do not adopt the loglinear approximation method followed in the literature. As shown for the expected lifetime utility of the representative agent (using a second-order Taylor approximation around the steady-state growth path of the endowments), and we compare this welfare level with that obtained under complete markets and under autarky. 6 We find that the welfare cost of incomplete markets increases linearly with the degree of relative risk aversion and with the variance of the country-specific component of the endowment shocks, whereas this welfare cost depends nonlinearly on the persistence and spillovers of the endowment shocks and on the growthadjusted discount factor (which is a simple function of the discount factor, the growth rate, and the intertemporal elasticity of substitution). In addition to facilitating greater intuition about the effects of patience and persistence, these analytic results permit us to identify potentially realistic cases in which the welfare of the incomplete-markets economy is quite sensitive to small changes in the structural parameters. Finally, we use the stacked Newton algorithm to analyze a two-country production economy with endogenous labor supply, and we confirm that the welfare implications are qualitatively similar to those of the endowment economy model.
It is interesting to compare our results with those obtained by Devereux and Saito (1997) , who analyzed an open-economy "AK model" in which each country's output is a linear function of its capital stock (which does not depreciate). Thus, an idiosyncratic productivity shock has a permanent effect on the capital stock and hence the level of output. In this setting, each country's risk-free interest rate is time-invariant under autarky, and no international risk-sharing occurs when countries are symmetric and sovereign bonds are the only internationally traded asset. These findings are completely consistent with the results that we obtain for the special case of permanent shocks.
Our analysis is also complementary to that of Davis et al. (2000) , who used the theoretical framework of Willen (1999) to quantify the potential welfare gains from more complete international asset markets. These authors utilize a model in which the global endowment is deterministic while each individual country's in Kim and Kim (1999) , this method can severely distort the welfare implications; for example, in certain cases this method yields the nonsensical result that social welfare is lower under complete markets than under autarky. 6 It should be noted that this expression for social welfare is not obtained by taking a loglinear approximation with respect to the initial levels of consumption and bond holdings. Hence, our welfare approximation becomes arbitrarily close to the exact solution as the variance of the exogenous shocks becomes arbitrarily small. (See the discussion in Woodford 1999 and Sims 2000.) endowment follows a stochastic process. This framework permits the analysis of alternative degrees of persistence for each country's endowment shocks, but implies a constant world risk-free real interest rate. In contrast, our model allows for a stochastic world endowment and an endogenous risk-free real interest rate, and hence is suitable for analyzing the welfare costs of incomplete markets for relatively large economies. Finally, while our analysis is mainly intended as a contribution to the international finance literature, it should be noted that our paper is also closely related to the risk-sharing literature in general equilibrium microeconomics. In particular, Levine and Zame (1999) obtained necessary and sufficient conditions under which the welfare cost of incomplete asset markets is arbitrarily small. Our model not only illustrates these conditions but also sheds light on the properties of the incomplete-markets economy when its behavior deviates substantially from that obtained under complete markets.
The remainder of this paper proceeds as follows. Section 2 presents analytical results for the two-country endowment economy model. Section 3 reports numerical results for a two-country production economy model with endogenous labor supply. Finally, Section 4 highlights our conclusions and suggests some topics for future research. The appendix provides details of the analytical derivations in Section 2 and the numerical solution algorithm in Section 3.
The Endowment Economy
In this section, we analyze a two-country endowment economy in which risk-free discount bonds are the only internationally traded asset. The two countries are assumed to be identical, with a zero net asset position at the beginning of the initial period, t = 0. The representative infinitely-lived household in each country chooses its consumption and bond holdings in order to maximize its present discounted utility, subject to the risk-free interest rate and to its exogenously given endowment sequence. Each country's initial endowment is subject to a random disturbance, which may have a persistent impact on its subsequent endowments and may also have spillover effects (with a one-period lag) on the other country's endowment sequence.
The Model
The representative household in the home country solves the following problem: 
where we refer to ρ as the persistence parameter and θ as the spillover parameter. Dynamic stability requires that |ρ + θ| < 1 and |ρ − θ| < 1. For notational simplicity in the following analysis, it is convenient to define A t ≡ R t−1 B t−1 , where A t is naturally interpreted as the beginning-of-period asset position. Thus, the asset transition equation (2.2) can be equivalently expressed as
We assume henceforth that no bonds are outstanding at the beginning of the initial period; that is, A 0 = 0. Thus, imposing the usual transversality condition on bond holdings, the household faces the following intertemporal budget constraint in period t = 0:
Then the solution to the household's maximization problem is given by equation (2.5) together with the following sequence of first-order conditions:
The solution to the foreign household's maximization problem is given by expressions parallel to equations (2.5) and (2.6), involving C * t and Y * t instead of C t and Y t . Finally, in general equilibrium, the following bond market clearing conditions must be met in every period:
It should be noted that these market-clearing conditions (combined with the home and foreign asset transition equations) are equivalent to the following sequence of global resource constraints:
The Analytic Solution
Since no additional shocks occur after period t = 0, the home and foreign consumption Euler equations can be expressed as follows:
By adding these two equations together, substituting the global resource constraint (2.8), and dividing by the deterministic time trend µ t , we obtain the following expression for the gross interest rate R t :
It should be noted that exactly the same expression for R t is obtained in the case of complete contingent-claims markets, for which
In other words, when shocks only occur in the initial period, complete consumption insurance leads to an international transfer of wealth at time t = 0, but has no effect on the expected slope of each country's consumption profile. Thus, in this environment, the entire path of R t is the same regardless of whether agents have access to a complete set of contingent claims or are limited to risk-free discount bonds. Of course, this property of R t will not necessarily hold exactly under more general assumptions. Nevertheless, it is interesting to note that Baxter and Crucini (1995) and others have analyzed two-country production economy models with endogenous capital and labor, and have found that the first-order behavior of interest rates is virtually identical under complete and incomplete markets.
In the absence of any shocks (that is, σ
for every period t; hence, it is evident from equation (2.10) that the steady-state gross interest rate is β
Thus, as in the previous literature (e.g., Baxter and Crucini 1995), it is useful to define the growth-adjusted gross interest ratẽ R t = R t / µ and the growth-adjusted discount factorβ = βµ 1−γ ; it should be noted that the conditionβ < 1 is required to ensure that lifetime utility is well-defined and thatβ equals the inverse of the steady-state value ofR t .
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Furthermore, if the growth rate is positive (µ > 1), then the steady-state real interest rate is higher than in the absence of growth; in other words, given household preferences for smooth consumption, the equilibrium steady-state real interest rate must be relatively high when consumption growth is expected to be positive.
Using these definitions, equation (2.10) can be rewritten as
By substituting equation (2.11) into the home-country household's intertemporal budget constraint (2.5), we obtain the following solution for the entire path of its consumption as a function of the exogenous sequences of home and foreign endowments:
12)
The foreign country's consumption path is symmetric to equations (2.12) and (2.13).
Finally, we note that under autarky, each country's representative household simply consumes its own endowment; that is, C t = Y t for every period t.
Welfare
To evaluate the welfare implications of alternative financial market structures, it is natural to consider the expected lifetime utility of the representative household at the beginning of period t = 0, prior to observing the specific values of the endowment shocks.
Using this approach, we obtain the following expression for the welfare cost of incomplete markets compared with complete international risk-sharing:
(2.14)
Under the stability conditions 0 <β < 1 and |ρ − θ| < 1, it is evident that W inc − W comp ≤ 0; that is, the first fundamental welfare theorem is satisfied. As expected, there are no gains from international risk-sharing when households are risk-neutral (γ = 0) or when the endowment shocks are perfectly correlated across the two countries (ψ = 1). More generally, the welfare cost of incomplete markets increases linearly with the degree of relative risk aversion (γ) and with the variance of the country-specific component of the endowment shocks
In contrast, the growth-adjusted discount factorβ and the endowment shock parameters ρ and θ can have highly nonlinear effects on welfare. As noted above, β is inversely related to the steady-state real interest rate, while the deviation (ρ − θ) indicates the extent to which a given shock has persistent effects that do not spill over to the other country.
The autarkic economy also provides a natural benchmark for evaluating the welfare associated with alternative financial market structures. In particular, we find that
Under the stability conditions noted above, it is evident that 0 < λ − θ) , that is, the degree to which a given shock has persistent effects that do not spill over to the other country. It should be noted that λ c depends indirectly on the discount factor β, the growth rate of the economy (µ − 1), and the intertemporal elasticity of substitution (1/γ), because the growth-adjusted discount factorβ is defined in terms of these parameters.
It is interesting to evaluate the welfare implications of these expressions for the postwar U.S. and EU economies, under two alternative assumptions about the persistence of the exogenous shocks. In our baseline calibration, we set the structural parameters β = 0.99 and γ = 2, and we assume that output follows a stationary process with parameters ρ = 0. Under the alternative calibration, each country's productivity is assumed to follow a random walk with no spillovers; that is, ρ = 1 and θ = 0, while the remaining parameters have the same values as in the baseline calibration. In this case, the initial shock has a permanent effect on the level of output, so that bonds cannot facilitate international risk-sharing through the intertemporal smoothing motive. Thus, the economy with incomplete markets yields the same welfare as the autarkic economy (that is, λ 
Patience
Using the baseline parameter calibration indicated above, Figure 1 vary as a function of the growth-adjusted discount factorβ. In particular, the welfare of the incomplete-market economy approaches that of autarky when the value ofβ is relatively small, and approaches that of complete markets when the value ofβ is relatively close to unity.
To gain further intuition about these results, it is useful to consider the special case in which the endowment shocks are purely transitory with no spillovers (that is, ρ = θ = 0). Under either autarky or complete markets, the economy immediately returns to steady state after the initial period; thus, the welfare gain W comp − W aut does not depend on the value ofβ (cf. equation 2.17). In contrast, under incomplete markets, the country with a relatively low endowment in the initial period borrows to enhance its consumption in the initial period, and then pays a stream of annuities on its debt in all subsequent periods. Sinceβ determines the steady-state value of the growth-adjusted gross interest rateR t (that is, R / µ =β −1 ), it is not surprising that the welfare level of the incomplete-markets economy does depend onβ. In particular, we find that
Thus, the welfare cost of incomplete markets declines monotonically with the growth-adjusted discount factorβ. Furthermore, using equation (2.16), we see that the relative welfare index λ c is simply the growth-adjusted discount factorβ in this special case.
These results imply that when the growth-adjusted discount factorβ is very close to unity (or equivalently, as the growth-adjusted steady-state interest ratē R/µ is only slightly greater than unity), the behavior of the incomplete-markets economy will be very similar to that of the complete-markets economy. That is, to the extent that future consumption has a relatively high weight in lifetime utility, complete risk-sharing can be closely approximated even when risk-free bonds are the only internationally-traded asset. On the other hand, if lifetime utility is relatively insensitive to future consumption levels (that is, the growth-adjusted discount factor is near zero and the steady-state real interest rate is very high), then the behavior of the incomplete-markets economy will be similar to that of the autarkic economy.
For the infinite-horizon endowment economy, the results are not well-defined whenβ is exactly equal to unity. Thus, to obtain further intuition about this limiting case, we briefly consider an alternative economy in which each household has a finite horizon of J periods; for simplicity, we assume that the utility function has a logarithmic form (that is, γ = 1). In this case, we find that the relative welfare index λ c is given by asβ approaches unity. Thus, the welfare cost of incomplete markets does not vanish unless the growth-adjusted discount factor is arbitrarily close to unity and the time horizon is arbitrarily large (cf. Levine and Zame 1999).
Persistence and Spillovers
Using our baseline parameter calibration, Figure 2 shows vary as a function of (ρ − θ). It is evident that the welfare of the incomplete-market economy approaches that of complete markets when the value of (ρ − θ) is relatively small, and approaches that of autarky when the value of (ρ − θ) is close to unity. To gain further intuition about these results, it is useful to consider the special case in which the endowment shocks have no spillover effects (that is, θ = 0). From equation (2.16), the relative welfare index λ c is given by:
Using formula (2.20), Figure 3 depicts the relative welfare index λ c as a function of the persistence parameter ρ for specified values ofβ. This figure highlights the results shown in Figure 2 : as ρ approaches unity and hence the endowment shocks become permanent, the relative welfare index λ c approaches zero; that is, the welfare under incomplete markets approaches that of autarky. Intuitively speaking, the domestic country will not use discount bonds to smooth consumption when endowment shocks are permanent, since the endowment stream is already smooth. On the other hand, when shocks are relatively transitory (that is, ρ is relatively small compared withβ), the welfare cost of incomplete markets is very small. Nevertheless, as long asβ is strictly less than unity, the welfare of the incomplete-markets economy will be strictly less than that of the completemarkets economy. Finally, when both ρ andβ are close to unity (as in many empirical applications), Figures 2 and 3 show that the behavior of the incompletemarkets economy is very sensitive to the exact values of these parameters. 11 In formal terms, the relative weight λ c is not a continuous function of ρ andβ at the point ρ =β = 1. However, if the time horizon is finite, the function is continuous and the welfare under incomplete markets is identical to that of autarky when ρ =β = 1. Using numerical methods, Kubler and Schmedders (2000) also emphasize that the implications of incomplete markets are highly sensitive to the choice of β and ρ when both parameters are close to unity.
From equation (2.14), it is evident that the welfare cost of incomplete markets is decreasing in the spillover parameter θ, because the two countries experience more similar wealth effects when the impact of a given shock "spills over" to the other country. Thus, for any given value of the persistence parameter ρ, the behavior of the incomplete-markets economy is more similar to that of the complete-markets economy when the spillover parameter θ is relatively large. More specifically, it is useful to consider the eigenvalue decomposition of the bivariate autoregressive coefficient matrix defined in equation (2.3):
Thus, the endowment shock process can be decomposed into two mutually orthogonal components. The first component is a global output shock with firstorder autocorrelation (ρ+θ), while the second component is an idiosyncratic shock with first-order autocorrelation (ρ−θ). Of course, welfare gains from international risk-sharing can only occur with respect to the idiosyncratic component.
This analysis helps provide some additional insights regarding the results obtained by Baxter and Crucini (1995) , who used numerical methods to analyze the dynamic behavior of a two-country production economy model with endogenous capital and labor supply. Baxter and Crucini found very similar behavior of the incomplete-markets and complete-markets economies when total factor productivity shocks have moderately persistent effects with cross-country spillovers (namely, the baseline calibration in which ρ = 0.906 and θ = 0.088), whereas the two economies behaved very differently in the case of permanent productivity shocks (that is, ρ = 1 and θ = 0). Our analysis is completely consistent with these results: in the first case, the growth-adjusted discount factorβ is very close to unity, while (ρ − θ) is substantially less than unity, so we would expect the behavior of the incomplete-markets economy to approach that of complete markets. In contrast, when ρ = 1, we would expect the incomplete-markets economy to behave very differently from the complete-markets economy (although its behavior will not be identical to that of autarky in a model with endogenous capital accumulation).
Finally, as noted above, the specific value of ψ affects the level of welfare gains from international risk-sharing, which depend on the extent to which the two countries tend to face different shocks. However, it should be noted that the index λ c is invariant to the value of ψ; that is, the relative welfare of incomplete markets is not affected by the degree of contemporaneous correlation of the endowment shocks.
Production Economy with Labor
This section extends the endowment economy model to the production economy with endogenous labor supply. However, the analytical solution is not available without linearizing the model and linearization has potentially crucial problems in accuracy. Therefore, we solve the nonlinear model by using the stacked Newton algorithm and perform numerical analysis to evaluate the welfare implications of incomplete markets.
The Model and Solution Algorithm
Each country faces the following maximization problem with a separable utility function:
where X t is productivity, L t is the amount of labor. The labor production technology can be nonlinear with a nonzero α. The parameter ν, taking a value between 0 and 1, represents how elastic the labor supply is. The elasticity of labor supply is ν/ (1 − ν), which is increasing in ν and takes a value between 0 and ∞. We solve the model assuming ν 0 = 1 − α for notational simplicity. We solve the model using the stacked Newton algorithm, a numerically efficient algorithm for solving non-linear equations.
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Compared with log-linearization, the stacked Newton algorithm is computationally more intensive, but may provide a substantially more accurate solution if the non-linear system is relatively far from being log-linear, or if the steady state exhibits large shifts in response to exogenous shocks of reasonable magnitude. The algorithm works directly with the non-linear first-order conditions and resource constraints. In particular, we consider the set of equations that describe the entire path of all model variables from the current period through some finite horizon in the future, at which point the system is assumed to have reached its new steady state. Thus, these terminal conditions replace the corresponding Euler equations in the horizon period. Finally, we confirm that the solution is invariant to using a longer horizon.
Welfare Implications
To analyze the welfare implications of alternative financial market structures, we consider a single shock to the home country's total factor productivity, leaving the foreign country's total factor productivity unchanged. For simplicity, we abstract from growth, so that steady-state productivityX t = 1 for every period t. The initial productivity disturbance only takes one of two values with equal probability, that is, log(X 0 ) = ± 0.03 − 0.00036. Thus, initial total factor productivity shifts by roughly 3 percent, with a small adjustment to achieve a mean-preserving spread. The productivity disturbance decays at the rate ρ; that is, log(X t ) = ρ log(X t−1 ) for every period t > 0. We assume that θ = 0 for simplicity. For the baseline calibration, we set α = 0.33,β = β = 0.986, γ = 2, and ν = 0.5. Using the numerical methods outlined above, we compute the expected lifetime utility of the representative household in each country at the beginning of period t = 0, prior to observing the specific value of the total factor productivity shock. Finally, we express world welfare (that is, the average of expected lifetime utility across the two countries) in terms of the certaintyequivalent shift in consumption in the initial period, holding leisure at its steadystate value.
Using the baseline parameter calibration, Figure 4 shows how
vary as a function of the persistence parameter ρ. As in the endowment economy model considered in Section 2, the welfare of the incompletemarket economy approaches that of complete markets when shocks have relatively low persistence, and approaches that of autarky as shocks become highly persistent.
For alternative values of γ, ν, and ρ, Table 1 presents the value of λ c , the relative welfare loss of the incomplete-market economy. In particular, we consider γ ∈ {1, 2}; ν ∈ {0, 0.5, 0.9}; and ρ ∈ {0, 0.9, 0.95, 1.0}. In all cases, these results confirm the qualitative properties obtained in Section 2; that is, the welfare under incomplete markets is identical to that of autarky when ρ = 1, and approaches that of complete markets when ρ is substantially smaller than β. It is also interesting to note that an increase in the degree of relative risk aversion, γ (or equivalently, a reduction in the intertemporal elasticity of consumption) has negligible impact on the relative welfare loss of the incomplete-market economy. The welfare results are also quite insensitive to the specific value of ν, that is, the intertemporal elasticity of labor supply. 
Conclusion
In this paper, we have investigated average world welfare in open economies with three alternative financial market structures: autarky; complete markets; and incomplete markets in which sovereign bonds are the only internationally-traded asset. We have obtained analytic results for a two-country endowment economy model, and then we have confirmed (using numerical methods) that a model with endogenous labor supply has qualitatively similar properties. In particular, when agents are very patient and shocks are not very persistent, we find that the welfare under incomplete markets is nearly as high as that under complete markets; in contrast, when agents are relatively impatient and shocks are highly persistent, the welfare level is similar to that of the autarkic economy. For realistic cases in which agents are very patient and shocks are highly persistent, the relative welfare of the incomplete-market economy is highly sensitive to the specific values of these parameters.
These findings suggest that the welfare implications of financial market incompleteness may vary substantially across different types of exogenous disturbances. For example, sovereign bonds may be reasonably effective in facilitating international risk-sharing in response to temporary shifts in a country's monetary or fiscal policy. On the other hand, sovereign bonds are probably not very useful in smoothing consumption in response to longer-term geopolitical or institutional changes. Unfortunately, moral hazard problems and other contractual difficulties severely limit the extent to which households in a particular country can insure themselves against such events. In practice, therefore, such shocks tend to generate highly persistent differences in living standards across countries.
In future work, we intend to extend our analysis in two directions. First, the framework of this paper can be used to obtain analytic results for cases in which the shocks have a persistent impact on the growth rate rather than the level of each country's endowment. Second, we hope to extend the model to consider various types of bond market frictions, such as exogenous bounds on asset levels (cf. First, we analyze the simplified model with neither spillovers nor growth (θ = 0, µ = 1); thus, Y t = y t . In this case, the second-order approximation of the home country's utility with respect to the deviation of the endowment from its deterministic steady-state (Ȳ ) is given by
In order to derive log C t , we assume that the deterministic steady state of endowment is unity in both countries (Y = Y * = 1) and that the initial asset level is zero (A 0 = 0). Using (2.12), we can log-approximate C 0 up to the second order:
and
Using this expression together with stationary version of (2.13), we can approximate log C t for all t = 1, 2, ... Now we obtain the expected lifetime utility (denoted by V ) of the incomplete-markets economy:
Expected lifetime utility of autarky and the complete markets are given by
With non-zero spillovers, all derivations go through with (ρ − θ) replacing ρ. With non-zero growth in the endowments, the same first-order conditions hold using growth adjusted variables (y t and c t ) and the growth adjusted discount factor β = βµ 1−γ in place of the discount factor β. In calculating welfare, however, we need to adjust for a constant term due to the presence of β when adding instantaneous utilities across all time periods:
The value of ∆ is equal to steady-state expected lifetime utility, that is, the level of lifetime utility attained when each household's consumption is given by its steady-state endowment path. Similarly, the expected utility of autarky and the complete markets with growth can be expressed by equations (A.4) and (A.5) withβ replacing β and with the same constant term. Using compensating variations, we can express deviations of expected lifetime utility (V ) in terms of the corresponding deviation in certainty-equivalent consumption in the initial period relative to steady state (denoted by W in the main text).
A.3. The Solution Algorithm for the Production Economy with Labor
The Lagrangian of this problem is
(A.10) Assuming ν 0 = 1 − α for notational simplicity, we get the first order conditions at time t:
(A.13)
Combining labor supply equation with the budget constraint, we have
(A.14)
Combining the first-order conditions of the foreign country and the bond market clearing condition, the economy is expressed by the following five equations: (A.21)
Using the assumption that variables are constant from final period (τ + M − 1) and onwards, we rewrite the budget constraint at (τ + M ) as follows:
The appropriate value of the time horizon can be determined using an iterative approach. In particular, starting from an initial guess M is a satisfactory choice for the time horizon. Otherwise, repeat these steps using higher values of the time horizon until some M (k) is found which satisfies the convergence criterion. 
